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Combinatorics and Reprentation Theory basics

Symmetric group Sn: Permutations π : [1..n] ↣ [1..n] under composition.
Integer partitions λ ⊢ n :

λ = (λ1, . . . , λℓ), λ1 ≥ λ2 ≥ · · · ≥ λℓ > 0, λ1 + λ2 + · · · = n

Young diagram of λ: Here λ = (5, 3, 2)

Representations of Sn: group homomorphisms Sn → GL(V ),

Example: if V = C3, π ∈ S3, set π(ei ) := eπi for i = 1..3, so e.g. 231 →

0 0 1
1 0 0
0 1 0


Irreducible decomposition: minimal Sn-invariant subspaces Vi , so
V = V1 ⊕ V2 ⊕ · · · ⊕ Vk , e.g. V = C⟨e1 + e2 + e3⟩︸ ︷︷ ︸

V1

⊕C⟨e1 − e2, e2 − e3⟩︸ ︷︷ ︸
V2

The irreducible modules (representations) (up to equivariant isomorphisms) of Sn
are the Specht modules Sλ , indexed by all λ ⊢ n,
e.g. V1 ≃ S and V2 ≃ S

Basis for Sλ: Standard Young Tableaux of shape λ: λ = (3, 2)

1 2 3
4 5

1 2 4
3 5

1 2 5
3 4

1 3 4
2 5

1 3 5
2 4
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Characters of Sn irreps
Irreducible representation ρλ : Sn → GL(V ),V ≃ Sλ

Example: V2 = C⟨e1 − e2︸ ︷︷ ︸
v1

, e2 − e3︸ ︷︷ ︸
v2

⟩ ≃ S(2,1):

ρ(2,1)(231) =

[
0 −1
1 −1

]
Tr(ρ(2,1)(231) = −1

Characters: χλ[α] = Trρλ(w) for w of cycle type α.

Theorem (Murnaghan-Nakayama rule)
We have that

χλ[α] =
∑

T∈MN(λ;α)

(−1)ht(T ),

where MN(λ;α) is the set of border-strip tableaux of shape λ, type α with weakly
increasing entries along rows and columns; and ht(T ) is the total height of the border
strips minus ℓ(α).

Example: χ(2,1)[(3)] = −1
1 1
1

, χ(2,1)[(2, 1)] = 1
1 1
2

+ −1
1 2
1

= 0

1 1 1 3 3
1 2 3 3
2 2

∈ MN((5, 3, 2); (4, 3, 4))
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Schur functions

Irreducible (polynomial) representations of the General Linear group GLN(C):

Weyl modules Vλ (aka Wλ), indexed by highest weights λ, ℓ(λ) ≤ N.

Schur functions: characters of Vλ

TrVλ
(diag(x1, .., xN)) = sλ(x1, .., xN)

Weyl’s determinantal formula:

sλ(x1, . . . , xN) =

det
[
x
λj+N−j

i

]N
ij=1∏

i<j (xi − xj )

Semi-Standard Young tableaux of shape λ :

s(2,2)(x1, x2, x3) = x21 x
2
2

1 1
2 2

+ x21 x
2
3

1 1
3 3

+ x22 x
2
3

2 2
3 3

+ x21 x2x3
1 1
2 3

+ x1x
2
2 x3

1 2
2 3

+ x1x2x
2
3

1 2
3 3

.

Schur-Weyl duality: GL(V )× Sn action

V⊗k = ⊕λVλ ⊗ Sλ.

Frobenius characteristic map: ch(χλ) = sλ.
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Combinatorics of Sn and GLn representations Multiplicities in GCT Kronecker positivity Multiplicity obstructions

Schur functions

Irreducible (polynomial) representations of the General Linear group GLN(C):

Weyl modules Vλ (aka Wλ), indexed by highest weights λ, ℓ(λ) ≤ N.

Schur functions: characters of Vλ

TrVλ
(diag(x1, .., xN)) = sλ(x1, .., xN)

Weyl’s determinantal formula:

sλ(x1, . . . , xN) =

det
[
x
λj+N−j

i

]N
ij=1∏

i<j (xi − xj )

Semi-Standard Young tableaux of shape λ :

s(2,2)(x1, x2, x3) = x21 x
2
2

1 1
2 2

+ x21 x
2
3

1 1
3 3

+ x22 x
2
3

2 2
3 3

+ x21 x2x3
1 1
2 3

+ x1x
2
2 x3

1 2
2 3

+ x1x2x
2
3

1 2
3 3

.

Schur-Weyl duality: GL(V )× Sn action

V⊗k = ⊕λVλ ⊗ Sλ.

Frobenius characteristic map: ch(χλ) = sλ.

Greta Panova 5



Combinatorics of Sn and GLn representations Multiplicities in GCT Kronecker positivity Multiplicity obstructions

Schur functions

Irreducible (polynomial) representations of the General Linear group GLN(C):

Weyl modules Vλ (aka Wλ), indexed by highest weights λ, ℓ(λ) ≤ N.

Schur functions: characters of Vλ

TrVλ
(diag(x1, .., xN)) = sλ(x1, .., xN)

Weyl’s determinantal formula:

sλ(x1, . . . , xN) =

det
[
x
λj+N−j

i

]N
ij=1∏

i<j (xi − xj )

Semi-Standard Young tableaux of shape λ :

s(2,2)(x1, x2, x3) = x21 x
2
2

1 1
2 2

+ x21 x
2
3

1 1
3 3

+ x22 x
2
3

2 2
3 3

+ x21 x2x3
1 1
2 3

+ x1x
2
2 x3

1 2
2 3

+ x1x2x
2
3

1 2
3 3

.

Schur-Weyl duality: GL(V )× Sn action

V⊗k = ⊕λVλ ⊗ Sλ.

Frobenius characteristic map: ch(χλ) = sλ.

Greta Panova 5



Combinatorics of Sn and GLn representations Multiplicities in GCT Kronecker positivity Multiplicity obstructions

Schur functions

Irreducible (polynomial) representations of the General Linear group GLN(C):

Weyl modules Vλ (aka Wλ), indexed by highest weights λ, ℓ(λ) ≤ N.

Schur functions: characters of Vλ

TrVλ
(diag(x1, .., xN)) = sλ(x1, .., xN)

Weyl’s determinantal formula:

sλ(x1, . . . , xN) =

det
[
x
λj+N−j

i

]N
ij=1∏

i<j (xi − xj )

Semi-Standard Young tableaux of shape λ :

s(2,2)(x1, x2, x3) = x21 x
2
2

1 1
2 2

+ x21 x
2
3

1 1
3 3

+ x22 x
2
3

2 2
3 3

+ x21 x2x3
1 1
2 3

+ x1x
2
2 x3

1 2
2 3

+ x1x2x
2
3

1 2
3 3

.

Schur-Weyl duality: GL(V )× Sn action

V⊗k = ⊕λVλ ⊗ Sλ.

Frobenius characteristic map: ch(χλ) = sλ.

Greta Panova 5



Combinatorics of Sn and GLn representations Multiplicities in GCT Kronecker positivity Multiplicity obstructions

Multiplicities

Von Neumann et al, ca. 1934, representations of Lie groups:

GLN(C) acts on Vλ,Vµ and their tensor product:

Vλ ⊗ Vµ = ⊕νV
⊕cνλµ
ν

cνλµ – Littlewood-Richardson coefficients, the number of isotypic components.
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Multiplicities

Von Neumann et al, ca. 1934, representations of Lie groups:

GLN(C) acts on Vλ,Vµ and their tensor product:

Vλ ⊗ Vµ = ⊕νV
⊕cνλµ
ν

cνλµ – Littlewood-Richardson coefficients, the number of isotypic components.

Theorem [Littlewood-Richardson, 1934] The coefficient cνλµ is equal to the number

of LR tableaux of shape ν/µ and type λ.

1 1 1
1 2 2

2 3 3

1 1 1
2 2 2

1 3 3

(LR tableaux of shape (6, 4, 3)/(3, 1) and type (4, 3, 2). c
(6,4,3)
(3,1)(4,3,2)

= 2)
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Multiplicities

Von Neumann et al, ca. 1934, representations of Lie groups:
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Multiplicities

Von Neumann et al, ca. 1934, representations of Lie groups:

GLN(C) acts on Vλ,Vµ and their tensor product:

Vλ ⊗ Vµ = ⊕νV
⊕cνλµ
ν

cνλµ – Littlewood-Richardson coefficients, the number of isotypic components.

Theorem [Littlewood-Richardson, 1934] The coefficient cνλµ is equal to the number

of LR tableaux of shape ν/µ and type λ.

Sn tensor products decomposition (diagonal action):

Sλ ⊗ Sµ = ⊕ν⊢nS
⊕g(λ,µ,ν)
ν

Kronecker coefficients: g(λ, µ, ν) – multiplicity of Sν in Sλ ⊗ Sµ

E.g.: S(2,1) ⊗ S(2,1) = S(3) ⊕ S(2,1) ⊕ S(1,1,1) and so g((2, 1), (2, 1), ν) = 1 for
ν = (3), (2, 1), (1, 1, 1).
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Multiplicities
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In terms of GL(Cm) modules Vλ,Vµ,Vν (Schur-Weyl duality):

Sym(Cm ⊗ C
m ⊗ C

m) = ⊕λ,µ,νg(λ, µ, ν)Vλ ⊗ Vµ ⊗ Vν

Plethysm coefficients in GL-representation compositions:

GLN → GL(Vµ) → GL(Vν) ⇐⇒ GLN → Vν [Vµ] = ⊕λV
⊕aλ(ν[µ])
λ
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State of the art: computation

Littlewood-Richardson:
LR: Input: λ, µ, ν Output: cλµν
LRpos: Input: λ, µ, ν Output: Is cλµν > 0?

LR rule =⇒ LR ∈ #P
[Knutson-Tao’01]: LRpos ∈ P.

Kronecker:
Kron: Input: λ, µ, ν Output: g(λ, µ, ν)
KronPos: Input: λ, µ, ν Output: Is g(λ, µ, ν) > 0?
[Bürgisser-Ikenmeyer, Pak-P]: Kron ∈ GapP.
[Ikenmeyer-Mulmuley-Walter]: KronPos is NP-hard.
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State of the art: combinatorics

Problem (Murnaghan, 1938, then Stanley et al)
Find a positive combinatorial interpretation for g(λ, µ, ν), i.e. a family of
combinatorial objects Oλ,µ,ν , s.t. g(λ, µ, ν) = #Oλ,µ,ν . Alternatively, show that
Kron is in #P .

Theorem [Murnaghan] If |λ|+ |µ| = |ν| and n > |ν|, then

g((n + |µ|, λ), (n + |λ|, µ), (n, ν)) = cνλµ.

Combinatorial formulas for g(λ, µ, ν), when:

• µ and ν are hooks ( ), [Remmel, 1989]

• ν = (n − k, k) ( ) and λ1 ≥ 2k − 1, [Ballantine–Orellana, 2006]

• ν = (n − k, k), λ = (n − r , r) [Remmel–Whitehead, 1994;
Blasiak–Mulmuley–Sohoni,2013]

• ν = (n − k, 1k ) ( ), [Blasiak 2012, Blasiak-Liu 2014]

• Other special cases [Colmenarejo-Rosas, Ikenmeyer-Mulmuley-Walter,
Pak-Panova].
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Geometric Complexity Theory Recap

VP vs VNP : permanent vs determinant

detn :=
∑
σ∈Sn

sgn(σ)
n∏

i=1

xi,σ(i) perm :=
∑
σ∈Sm

m∏
i=1

xi,σ(i)

Conjecture (Valiant’78)
The (normalized) permanent xn−m

11 perm ̸= detn[AxT ] (n × n determinant of affine
linear forms in {xij}mi,j=1) for n = poly(m).

GCT goal: If C[GLn2per
n
m]d ⊂ C[GLn2detn]d , show that n > poly(m).

C[GLn2detn]d ≃
⊕
λ⊢nd

V
⊕δλ,d,n

λ , C[GLn2per
n
m]d ≃

⊕
λ⊢nd

V
⊕γλ,d,n,m

λ ,

Obstructions λ: if δλ,d,n < γλ,d,n,m for n > poly(m) =⇒ VP ̸= VNP.
If also δλ,d,n = 0, then λ is an occurrence obstruction.

Conjecture (Mulmuley and Sohoni)
There exist occurrence obstructions that show n > poly(m).

Theorem (Bürgisser-Ikenmeyer-P)
This Conjecture is false. There are no such occurrence obstructions.

δλ,d,n ≤ g(λ, nd , nd ) γλ,d,n,m ≤ multλSym
d (Symn(V )) =: aλ(d [n])

Conjecture (GCT, Mulmuley and Sohoni)
There exist λ, s.t. g(λ, nd , nd ) = 0 and γλ,d,n,m > 0 for some n > poly(m).
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GCT and Kronecker coefficients

Conjecture (GCT, Mulmuley and Sohoni)
There exist λ, s.t. g(λ, nd , nd ) = 0 and γλ,d,n,m > 0 for some n > poly(m).

Theorem (Ikenmeyer-P )
Let n > 3m4, λ ⊢ nd . If g(λ, nd , nd ) = 0(so multλC[GLn2detn] = 0), then

multλ(C[GLn2 (X1,1)n−mperm)] = 0.

Theorem (Ikenmeyer-P)
For any ρ, let n ≥ |ρ|, d ≥ 2, λ := (nd − |ρ|, ρ). Then g(λ, n × d , n × d) ≥ aλ(d [n]).

Conjecture (Mulmuley and Sohoni 2001)
For all c ∈ N≥1 , for infinitely many m, there exists a partition λ occurring in

C[GLn2X
n−m
11 perm] but not in C[GLn2 · detn], where n = mc .

Theorem (Bürgisser-Ikenmeyer-P (FOCS’16, JAMS’18))
Let n, d ,m be positive integers with n ≥ m25 and λ ⊢ nd . If λ occurs in

C[GLn2X
n−m
11 perm], then λ also occurs in C[GLn2 · detn]. In particular, the Conjecture

is false, there are no “occurrence obstructions”.
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No occurrence obstructions I: positive Kroneckers

Theorem (Ikenmeyer-Panova)
Let n > 3m4, λ ⊢ nd . If g(λ, n × d , n × d) = 0 (so multλC[GLn2detn]d = 0), then

multλ(C[GLn2 (x11)
n−mperm)]d = 0.

Proof ingredients:

Theorem (Kadish-Landsberg)
If multλC[GLn2X

n−m
11 perm]d > 0, then λ1 ≥ nd −md and ℓ(λ) ≤ m2.

Theorem (Degree lower bound, [IP] )
If λ1 ≥ nd −md with γλ,d,n,m > g(λ, n × d , n × d), then d > n

m
.

Theorem (Kronecker positivity, [IP] )
If ℓ(λ) ≤ m2, λ1 ≥ nd −md , d > 3m3, and n > 3m4, then g(λ, n × d , n × d) > 0,
except for 6 special cases.
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Combinatorics of Sn and GLn representations Multiplicities in GCT Kronecker positivity Multiplicity obstructions

Kronecker positivity: squares, and decompositions

Theorem (Ikenmeyer-Panova)
If ℓ(λ) ≤ m2, λ1 ≥ nd −md , d > 3m3, and n > 3m4, then g(λ, n × d , n × d) > 0,
except for 6 special cases.

Proof sketch: decomposition + regrouping

(λ2, λ3, . . . , λm2 ) = ρ+ ξ +
ℓ∑

k=2

xk ((k − 1)× k) +
ℓ∑

k=2

yk ((k − 1)× 2).

Crucial facts:

• g(k × k, k × k, k × k) > 0 [Bessenrodt-Behns].

• Transpositions: g(α, β, γ) = g(α, βT , γT ) (with β = γ = (wh)) [classical]

• Hooks and exceptional cases: g(λ,wh,wh) > 0 for all λ = (hw − j − |ρ|, 1j + ρ)
for |ρ| ≤ 6 and almost all js. [Ikenmeyer-Panova’16]

• Semigroup property:
g(α1 + α2, β1 + β2, γ1 + γ2) ≥ max(g(α1, β1, γ1), g(α2, β2, γ2). [classical]
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Combinatorics of Sn and GLn representations Multiplicities in GCT Kronecker positivity Multiplicity obstructions

Kronecker positivity I: hook-like λs

Proposition (Ikenmeyer-P)
Fix a partition ρ. For k ≥ ℓ(ρ) and c, such that c2 ≥
k+|ρ|+ρ1+1 define ρ(k, c) := 1k+1+(c2−k−|ρ|−1, ρ).
Suppose that there exists an integer a and sets H1,H2 ⊂
[ℓ, 2a+ 1], such that

g(ρ(k, a), a× a, a× a) > 0 for all k ̸∈ H1 ∪ (a2 − H2)

Then

g(ρ(k, b), b×b, b×b) > 0 for all b ≥ a and k ̸∈ H1 ∪ (b2 − H2).

Proof idea:
Kronecker symmetries and semigroup properties:
Let Pc = {k : g(ρ(k, c), c × c, c × c) > 0}, we have
Claim: Suppose that k ∈ Pc , then k, k + 2c + 1 ∈ Pc+1.

Corollary
We have that g(λ, h × w , h × w) > 0 for λ = (hw − j − |ρ|, 1j + ρ) for most “small”
partitions ρ and all but finitely many values of j .
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Kronecker vs plethysm via complexity
Plethysm coefficients: aλ(d [n]) = multλS

d (SnV ) (GLN(V ) representations)

Kronecker coefficients: g(λ, nd , nd ) = multλ(Snd ⊗ Snd ) (Sn representations)

Proposition (Ikenmeyer-P)
Fix ρ, and let n ≥ |ρ|. Let λ = (nd − |ρ|, ρ). Then g(λ, n × d , n × d) ≥ aλ(d [n]).

Proof: λ = µ+ d(n −m). Suppose g(λ, n × d , n × d) < aλ(d [n]).

Let Vm := SymmCm2
(polynomials in m2 variables of degree m).

KL’14: If µ ⊢ md then multµ+d(n−m)(C[GLn2 (X1,1)n−mVm)]d ≥ aµ(d [m]).

Stability: g(λ, n × d , n × d) = g(µ,m × d ,m × d) [Manivel’98]

GCT: If multλ(C[GLn2 (X1,1)n−mVm)]d ≥ g(λ, n × d , n × d) (≥ multλC[GLn2detn]d )
then dc(fm) > n for some fm ∈ Vm.

=⇒ multλ(C[GLn2 (X1,1)n−mVm)]d≥ aµ(d [m]) = aλ(d [n]) > g(λ, n × d , n × d)

> δλ,d,n=⇒ max
f∈Vm

dc(f ) > n → ∞
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Multiplicity obstructions vs occurrence obstructions

Toy problem: Factor ℓn1 + · · ·+ ℓnk into linear forms? (k > 2)

• [Bürgisser-Ikenmeyer-P] multλ(C[Ps
n
m,k ]d ) = aλ(d [n]) for k ≥ d or

(k, n,m, d) ∈ {(4, 6, 3, 7), (4, 7, 4, 8)}.
• [Landsberg] multλ(C[Ch

n
m]d ) ≤ aλ(n[d ])

• Plethysms: a(n2−2,n,2)((n + 1)[n]) = 1 + a(n2−2,n,2)(n[n + 1]).

• No occurrence obstructions for (n,m) = (6, 3), (7, 4): if aλ(d [n]) > 0 then
multλ(C[Ch

n
m]d > 0. (verified by direct heavy computer calculation)
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n
m,n+1]n+1) for
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Plethysms and Foulkes conjecture

Proposition (Dörfler-Ikenmeyer-P’19)
The plethysm coefficient for λ = (L, r , 2) is equal to

aλ(d [n]) =

(qr+1) @
(n + d − 2

n

)
q

q(1− qn)(1− q2 + q − qn)

1− q2

+ (qr+1) @
(n + d − 1

n

)
q
(qn+1 − 1)

+ (qr+1) @ (1− q)
(n + d

n

)
q
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Corollary
Let d = n+ 1 and λ = (n2 + n− 2− r , r , 2). Then aλ((n+ 1)[n])− aλ(n[n+ 1]) ≥ 0,
with

aλ((n + 1)[n])− aλ(n[n + 1]) =


0, when r < n,

1, when r = n,

> 0, when r > n and n ≥ 7,

with the exception in the last case when n = 8, and r = 35 when
a(35,35,2)(9[8]) = a(35,35,2)(8[9]).
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Plethysms and Foulkes conjecture

Corollary
Let d = n+ 1 and λ = (n2 + n− 2− r , r , 2). Then aλ((n+ 1)[n])− aλ(n[n+ 1]) ≥ 0,
with

aλ((n + 1)[n])− aλ(n[n + 1]) =


0, when r < n,

1, when r = n,

> 0, when r > n and n ≥ 7,

with the exception in the last case when n = 8, and r = 35 when
a(35,35,2)(9[8]) = a(35,35,2)(8[9]).

Conjecture (Foulkes)
Let a > b. For every partition λ ⊢ ab, we have that aλ(a[b]) ≥ aλ(b[a]).
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Plethysms and Foulkes conjecture

Corollary
Let d = n+ 1 and λ = (n2 + n− 2− r , r , 2). Then aλ((n+ 1)[n])− aλ(n[n+ 1]) ≥ 0,
with

aλ((n + 1)[n])− aλ(n[n + 1]) =


0, when r < n,

1, when r = n,

> 0, when r > n and n ≥ 7,

with the exception in the last case when n = 8, and r = 35 when
a(35,35,2)(9[8]) = a(35,35,2)(8[9]).

Conjecture (Foulkes)
Let a > b. For every partition λ ⊢ ab, we have that aλ(a[b]) ≥ aλ(b[a]).

Corollary: Foulkes conjecture holds for λ = (ab − r − 2, r , 2) and a = b + 1.
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Formulas
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Thank you!
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