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In this motivation : Need It (try) to

verify whether points
wilt symmetries

have

closed orbits
.

Char Moment map
→
can help you
identify closed orbit

My main
motivation : Do

this without analysis
?

So that you
can do

for chair p>
u

K → basis {Ri ,Yi ,Zil , e- ien
⑦2

EI v=({ aizi , syiz;)
c- Symslk")



Example:

hzlxiy , g) = rest yB+z
'
+
n'
y
+ nyt

+ rig + Nj + y's + yz2
+ nyz .

Is the Slz orbit of
↳ 1×1237

closed ?

Does it depend on
characteristic?

lchar4
How does it depend on characteristic?

Note : Moment map criterion →
doesn't

work for ↳(✗ if ,3)



Sly La Sym
>
( Ks) → deg 3 polys

in {MY , 33
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Hilbest-Mumtrdcriten.cn#
G.v is not closed

I

F 1- parameter subgroup
X : K*→G

sit him ✗ it) - v 4- G.
v

÷
G-- Sln

Any 1- psg
is of the

form

✗ 11-1=8 [
"

'

i.
fan
] 9
"

www.nwa.E.I.IE#...,
an appropriate ✗It)

Want to show G.v closed ⇒ argue
over all

1-psg 's .



tempt
.

: Instability in invariant theory .

Suppose G.v not closed .

Then

④ 7 ! optimal parabolic subgroup
Pqv

② For any
mail tons T C- Pqv

,

3- an optimal 1-psg ✗ It) C- T

that drives v out of
the orbit .

③ stabqlv) c- PG ,v

Highdea : Search for an

optimal 1- peg .

If you fail ,
the

orbit is closed .
If you

succeed , then

you verifiably know that the orbit is

not closed .



Concreteslrategy : P

① Collect all parabdiu2Staba
② Find a collection of maximal

tori AT so that for for any

PEP
,

F TEY sit TEP

③ For each
TET

,

check

if T.IE G. ✓ or
not .

GIH : Hopefully T is manageable .

Key : Slabach
non-trivial



Parabolic Subgps of 5h→ Flags in Kh .

Py 7

7- = { 0--15 EF, c- .
. c- Fd=Ñ}

Fi 1in . subspaces

Stayin c- Pg
⇒ each Fi are

stab her) -
stable

Parabolic I Stayin→ Flags of
" 1-1--5takin - stable
H subspaces



Eg : hzlxiy , 3) 9=513
.

'

H= Stabglhz 1×12377253

Parabolic contains Szc- Flap of

53 - stable

subspaces of
KS

§ - stable subspace
= { 0}

of K
' < ✗ tytz>

=L

<✗ - y , y
- z> = M

"

{ antsy +↳3) Eci
-0}

K
>

Possibly : 0 EL Ek
's

:÷-
0 C- LE MEK

'
→ only in
char 3



Maximal ton of Shen

Std are → Stn = {(
d'
- g.) / Td:-1}

Maximal tori←
Bases

41 , - , bn)

1- = BCSTNIB
"
→ B

B

¥iÉ
TB C- Py .

?

① {O'
'

⇐Fo C- F, C - - C- E-
- K
"]

Each F; is a coordinate subspace

in the basisB.fi
= span of some subset of

6
, -
by

Takeabasistr-T.ee/teudtoFzAsoon~



Eg : hzcxiy , 3)
L = City +37

① 0 C- L C- K
'

Mee.-y , y -37

②oEMEK#
Fact : Nothing

non-trivial comes
out of ①

so I'll just
show ②

-

0 C-MEN → bases .

Ñ 13=4- y , y -3,3)

check
.

: TB EP .

Need to understand TB . hzlxiy ,3)

* TB.hzl✗iy



TB.hzC×i"

BISTNIB"

t
.

Write hzlxiy ,3) in
the basis B

& then
work with SIT

B=¥É-
a b c

✗ = at btc

y =
btc

z=
e

↳(✗if /3) = hgfatbtgbtg
4
.



hzfatbtc , bte, c)

= A
>
+ 4 Ñb + 6 ab

'

+ 4 b
?

+ 5 ak +wait to c
'
+ 15 obit

+ 20bit 15 ate .

I
Plot the newton polytope
AB

at
9-

A 5

abt
, ⑤

•

10b%ics
Chae 0 → Newton polytope

contains •

⇒ TB . vhzcxiyig) is closed .



If p -1-2,5

Newton polytope
contains origin

I. along w/ analogous computation( other parabolic
I

523 orbit of hzcxiyig
) is

closed .

÷
Origin on

the

•

:* boundary of the⑨

newton polytope:P

:•f÷"hzlatbtc ,
btc , c)

✗ It)=(
t
tr n

a3taEi-abctbfcWlt1ilimt-s@M.a
= to

+ are + q.be +
BE

.

{ Ett-Kc c(a4ab+b7.



c(a'+ ab + b4 = Iim 714 hzlxiy , 3)
1-→ o

A

(Orbit closure . / Eisensteincriterion

"

↳ lay ,z) is

Cannot be in the
bit irreducible .

bfcitis.reducible.p-51.tt
. •

5
→ get

killed

Origin
outside

8*5 •

'°

newton polytope
of is

so
•

to

I
,

hzlxif ,3) is

Newton polytope .
in the

.mil#ne.OC-SLz.hz1-Y3)



Conkin
.

:

hzcxiy , 3)

Slz orbit •
closed it p -1-2,5

not closed
• but not in the

it p= 2

hull care

• in the null cone
it 17=5 .

⇒sia→kmWmit
even in

clear 0

→ Algorithm IT decide if a symmetric
polynomial has a closed orbit .


