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Some basic lower bounds techniques

Models of computation
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Don'tpanic we'll

work only with depolylnConstant depth circuits formulas

IIT III Nij sparse polynomials

III IIT Inge depth 3 circuits
IT lij surprisingly powerful

IAI I lie depths powering circuits

Cos diagonal circuitsand so on



Goal Find an explicit family fellas an

of polynomials such that any circuit c from
the class C computing f must have large size

Ideally C alg circuits

large expen

Explicit you'll know it when
you see it

tow do lower bounds typically proceed

Identify a weakness of the class C

Quantify this weakness using a complexity measure

Upper bound this measure for any small Cee

Heuristically convince yourself that the measure is

large for a random polynomial

Find a hay in the haystack

In a lot of cases LBS follow the following
template subadditive measures

Show that any Cec can be written as a

sum of buildingblocks B
t fuof s

C Bit Be where each Bie B

Find a P IF 2 IR that is subadditive



Mfg E TAS Rg
and show that TLB E small foranyBED

Heuristically convince yourself that Plf is large if
f is random

Find hay in the haystack

Plf dim Lcf LEL

This lecture 8 some examples of LBS that follow
this template
Some examples that don't Cingsoge

starting with the basics

IIT circuits I know

B monomials Plf sparsity
MB EI Mftg E TH Pig duh

A random poly probably has lots of monomials init

f Citi anti is one of them hay

T f 2n we have our lowerboard

Depths powering circuits ti't lots

le l linear een



What is an exploitable weakness for such buildingblocks
Obs ftp.ld y 1h2

F k f 2m f m mon ofdeg k

Lemma dim 2 ed s 1

Set Plf dim J Lf where k will be chosenk later

Cor fe IN then for any k Trifles

If f is a random n var deg a poly what do we

expect this to be
There are nth vectors in 2k Lf
each with Nt d k coordinates

d K

TUlf derivatives

oforder k

on n wars

Wishful heuristic

g Pdf amin CY tater
for a random f



f 24 Jen Pref 2

If f e INI then Tplf 5 and Prof h

S I K Hz 5 214

LBS for depth 3 circuits

f I JI li surprisingly powerful

Hom depth 3 circuits

f É I dig each lij is a linearform
no constantterm

B IIleg lis's linearforms
gaff la

What is an exploitable weakness Iz lat a lil la

Claim Ill la dim Illa s E
Espn Eli Iska k

so If f É lit lid and f is random then

we can hope s min l I gf
say k dlz

Numerator i 2
Denom A 2d

d



n lood

Fact If fi ESYMnd dim Flt a wishfulbound

o Any ham ZITI cht computing EsyMn requires

size Ca 2d

On the other hand there are non hour ZITI chs

for EsyMnsd of size just 062 BenOr

Multilinear ZITI circuits

f É lil lid where lis lia are variabledisjoint

B l la variable disjoint linearpolys
coeffmim.lt

h l la X YU Z
D D
Alice Bob MylftylfulymfarsDOn Is rack Mcf a
good measure

Hitz Yat Za THz

Raz If you choose the partition at random then
it is a good measure

rel ray f rffIs rarity



Fact fig var disjoint relRakfg ErdRonk f relRankgY Z Y Z 42722

80 Mcfg MIF Mcg

n 2d

what is E drankCli la

IT IELrelRanklli
Suppose var li 3 relRonkle E E f
var li 2 EladRonk E 12.2 1.12 24
21 22

IL relRankle la 33k
For a random poly we expect MA to befullrak

o relRank randompoly 1

We have a 2nd lower bound

Raz n s lb for ML formulas computingDetPerm
CELS Depth hierarchy thin for ML formulas

Some lbs that dont follow this template

Baur Strassen ILnlogd lb for general
circuits computing kit send



corals computing 241 Rn

sketch

lemmas Figsize s

Backpropagation in the ML comm

Can we fix an output EEE and ask how

many input result in that output

There is one quadraticeqn

sons to s quadratic equs

Bezout If this is finite then I 25

É
If f ait and

I d d How many inputs lead tothis
each ni is a d ith root of unity

We have Cdt inputs

CdD s 25 Saratoga



Determinental complexity LB MignonRessayre

f Det hi lm

lml emm

lie Lais an

linear

Wait an 43 for m

fix Get AG letxo foxo O

f Xt Xo detCACxtxos
Fv Bu D

diet LA B
detLB 0

Suppose X s t Lex 0 0

then LIX's B is also singular

fix'tXo O

V X Lex's u o f
rectorspace
of dim
N m

Fjo o

Claim If flxo O and V is a rectorspace ofdim n r

f xox o f Xer then optistrank Hess f Xo 28

Claim There is an non matrixXo sit PermXo o

and rank Hess Perm Xo n



Cor Detm AG Perm m E


