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Basics of algebraic geometry Ay27,z

→ Affine varieties
, projective varieties , morphism .

( R .
Hartshorne , chapter I , sections

1- 3)

§ : Affinevaridies- : work over complex numbers E.

Geometry ①
"

= { can .

.am/aic-E } = #
"

Affine n - space
"

Algebra R :=E[X . , . ,
Xu] = { poly in n variables over a }

Given a polynomial f-c- R and P = can . ,
an) C- A

"

,

we say "pf
"

if fca , , ,

,
an) = 0

eg Cl
,
n is a Zero of ✗

2-
y?

Def: Let SER be a set .

The zero set of S,

267 : = { p c- A-
" / fcp) =o Hf c- s } c- A

"

is an
"

algebrai.se/-''-.Inolherw-ords:
A subset ✗ c- A

"

is an

" algebraic set
"



if 9- SIR

s.tl/=zcs).R-mk:If I is the ideal in
, R generated by S ,

then

ZCI)= 21s ) .
Very easy

to check .

• fig c- R } g) cp) = fcp> gcp)

F- ☒ (f.+g) p= fcp) -1940
)

Fact: R is a noetherian ring ,
i - e ; every

ideal is finitely

generated .

⇐ if 21s) is an algebraic set , then

21s) = Zff, , .

,
fr ) for f. , ,

,
fr C- R

.

Lenya . Algebraic sets are closed under finite unions and

arbitrary intersections
; §

,
A
"
are algebraic .

If : • 2 (G) u zcsz) = 21952)

• A zcsa) = z Cusa)
Lt A

✗En

• 2 (1) = &

• ZCO) = f.

Conclusion : Algebraic sets are closed sets in a topology

on A
"

.

This is called the Zariski topology on A
"

,



Since A-
"

= Eh
,

it admits another topology
,

the

Euclidean topology .

Note: Zariski closed ⇒ Euclidean - closed .

Converse is not true !

E×am_p6 : If ✗ c- A
'
is zariski closed ,

then

✗ is finite or ✗ = A-
1

.

Robin : A nonzero poly in Efx] has only finitely many zeros .

But in the Euclidean top ,
there are many infinite

closed

subsets of E that are not equal to E.

eg : { 2- c- El 121<-1 } .

Dd : If y c- A
"
is a subset then the ideal of Y is

Icy) : = { f c- R I fcp)=o t p c- Y }

Hilberttsnullstelkna.at#i Let I be an ideal in R .

If f- ER Vanishes on
all of ZCI) , then free

for some v71 .

So : ICZCI )) = { f c- R / f-
"

c- I for some r 71 }
11

"

radical of I
"

,

VI .

eg Iczcx?D= (Xo) = if



Cod : VCI) =p ⇒ I=R .

Reason : VCI) = ⇒ ICVCI)) = ICO ) = (1)

11

VI

⇒ I C- VI ⇒ I C-I ⇒ I _-R

This is not true for other fields : I=Cx?_y4i > c- Raid
←

VCI)=¢ ,
but I =/ (1) .

Prof : i? If ×
, ,
✗as A-

"

and × , c- Xz ,
then

I( XD ? ICXZ) .

(2) If I, C- Iz
C- R

,
then ZCI,) I ZCIZ) .

(3)
If I CR is an ideal

,
ICZCI )) = JE .

(4) If ✗ CIA
" is any

subset
,
ZLICXD = I , the

closure of ✗ in the zariski topology .

Pf : 4) , (2)
trivial

; (3) is Hilbert 's Nullslelknsatz ;

(4) : easy . (Def : An ideal ICR is ' radical
'

)
if I = rt

Upshot :
Algebraic sets } ¥É{

radical ideals in }
R{ in ☒

✗ 1-
tcx )

This is an

inclusion - reversing
ZCI) -1 I

bijective
correspondence .



Dds : An affinevañety is a Zariski closed

subset of A-
"

. (so it is simply an alg set.)

Rmk Many authors require affine variety to be
-

'

irreducible
'

.

Dcf : An algebraic set ✗ is " irreducible
"

if it

cannot be written as a union#proper
closed subsets .

Def : let ✗ be an affine variety .

So it is a

closed subset of sane affine space At
"

.

Then the
" coordinate ring of ✗

"

is the

quotient ring=:P(X ) .

Kk : ✗ irreducible⇐ ICX) is prime
easy algebraic fact

.

Mx ) is an integral domain .

Def: A ring A is an int . domain if aib c- A
,
ab =o ,

then a = o or b=o .



Def : An ideal IER is prime if

f. 9 C- R
, fg c- I

,
then f- c- I or 9 EI .

EI (Xy) E QQ ,y] is not prime .

• : ✗ y c- (XY ) , but
✗ 4- (XY) .

Y 4- (XY ) .

(XY)={f•c×Y7HeR⇒
ZCXY) :

f-
is not irreducible .

"

{ & , b) C-É / ab=o}

you can check cxy) is a radical ideal , though it

is not prime .

Exampled :

① A
" is an affine vanity ( it is also irreducible )

② ✗ = { a- it? E) It c- e } c- A-
3

.

Is ✗ algebraic ?

Polynomials that vanish on ✗ : ✗ F- X- ,
✗Fx
,

.



Let I= ( ✗ F- ✗ z , ✗F- ✗3) EEG, ,
✗2,113]

Carb , c) C-
ZCI )then ✗ = ZCI)

(⇒ a2=b

So ✗ is algebraic . a3=c

⇒ Caio , c) C- ✗ .

check : ① ICX) = I
because

I is prime .

② Mx) = €[✗"¥] = Efx , ]

③ we will see later that ✗ is isomorphic
to ¥'d a

"

twisted cubic curve !
✗ is call

③ Y= { Ct?t3 ) / tee }c A2 is an

algebraic variety , with Icy)= CX ?-✗E)

⑨ Let ✗ = A
'
- { o} c- A-

'
.

Then ✗ is an#
subset of A

'

;

but ✗ is an affine variety !



Consider ✗ = A-
'
- { o} ↳ A-

2

a ↳ Ca , a-
'

)

let y = image of 4 = 41×1 E AZ .

Q Is y a closed subset of A-
2

?

And : Yes : Y = 2 (4×2-1) .

cleek " 4 : ✗ → Y is a bijection .

In fact
,
more

is true : 4 is a

" homeomorphism
"

.

So we can identify ✗ with Y .

This way we
can consider ✗ as an affine variety .

Rm± A-
"
- {o } does not have a structure of an

affine variety for n>2 .

⑤ Mn Ca) = { nxn
matrices over a }

=
Eri

.

So with this identification , prince> is an

affine space .



Consider GLNCE) c- Mn
Ccc ) = of

11-

{ aunxn invertible matrices }

we want to think of GLNCE) as an affine

variety .

But Glnic) is an open
subset of

Mn (E) .

But Glance )↳ anti

A↳ Can , . . , Ann ,@tA )
" )

then the image is a closed subset of dit
'

.

So it is an affine variety .

Hence so is

G ↳ (E) .

Similarly
,

SINCE ) = { AE Mnce
) / det A = I }

is also an affine variety .

⑥ Syndic " : = { homogeneous polynomials in n
variables of degree d }

L
= ①

Cntdd - ' )
can be

identified with an
affine space .



§2_ : pmjedivevan-eti.es# .

"

Projective n - space
P
"

=

Consider
"

- { Coo , . . ,o) } and the following

equivalence relation on it :

Cao ,
.

> an) ~ Cbo , . . ,bn) if It
c-E- { o } St .

bi= ✗ ai Ki = 01 - - in -

n -11

P
"
= equivalence classes =

Q -¥
"

set of lines through the origin in E
""

.

i. A point pep
"
is a line in £

"" through the origin .

If can be represented by Cao : a. : . .
: an]

,
ai c- E.

⇐ P2 -3 [ 1 : 2 :3] = [ i :2i :3 i ]

We want to view points of IP
" as Zero of polynomials

in ① [Xo , .in] .

f- = ✗ft ✗ , ;
[ 1:21 c- Pt : f ( [ 1:27) = 1+2=3

n H

f ( [ 2:43 ) = 8


