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bi = Tai .
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. : an]
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we want to talk about zeros of poly in ciao ,
. ,
Xun ]

We first notice that we have to consider only
"
homogeneous polynomials

"

.

p = [ 1:23

1kt : A polynomial f c- ago , ,

, xp is |
f=✗£ ☒

= [2 : 4 ]

fcp) = I - 2

homogeneous if every monomial in

ftp.#has the same degree .

9-: ✗f- Xox , + ✗E homog

✗f- Xox , -1×2 not homog



If f is homogeneous of degree d , then

f-( ao , - , an) = Xd f- (✗ao , . . , ✗ an ) ft
c- ① it -1-0 .

i. whether fcp)=o or fcp) to is well-defined .

Dd: A " projective variety
" is a subset of p

" which is the

common set of Zeros of a collection of

homogeneous poly .

Just as in the affine case : we have

{
radical homos } or { projective algebraicideals in Oxon , ✗ is bijection sets in pn }

Def: An ideal is ciao , , , Xu] is homog_ if it is

generated by homogeneous poly .

eg : ( Xix , , XE, X, X , ) is a homog ideal

Homogeneous Hilbert 's Nukskllensafz : Is ①
Go , , , Xn] homos

IGCI )) = JI Cvadical of I )

Useftfat: Define Ui : = { Cao : -
- : any IP

" / ai -1-0 }

In

¥ ' Y = { Cao : a ,] / a ,±o } , p
, /

Zariski top on ph :

closed sets

= proj alg sets



a
,
-1-0 ⇒ Cao : ai] = [ ¥ : I] in ph

V. = { Cao : is I a. c- a } ¥8k
'm
a

More generally : Ui ←% E
" Later :

this is actually

an isomorphism of
- a

pin
[varieties .
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"
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,
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A remark about
"varieties

"

-
:

A
'

vanity
'

is either :

Tiffin variety Cie ; a
closed subset in A-")

• proj variety Ci - e.
,
a closed subset in 1pm )

• quasi - affine variety (
i.e
; open

subset of an

affine var )

• quasi - projective variety ( i.e ; open subset of
a

projective variety )

EI Ah- {o}
,
n > 2 is a variety ; but it is

not an affine or a projective variety .



✗ c- AnRegularfundiab :

y closed

• ✗ affine variety ;
us ✗ open

subset ; PEU

A function f : u→ E is

neglar-atp-if-T-g.tnc- QQ , , . ,
Xn] sit

.

• hop ) -1-0 ,
and

• f = hg on a
small neighborhood

of p in U .

Regular functions = ratios of polynomials .

• we say that f is regular on U if it is

regular at all points in U

Def: OCX ) : = { f : ✗→ a / f regular on ✗ }

EI . • OCAM ) = Efx , , . ,
✗it

• ✗ c- A
"

affine variety :
OCX) = H×¥i = MX)

thinale ring of ✗ .

There are lots of global
regular functions



Id : ✗ =p
" projective vanity ; VEX open , peu

A function f- : U→ E is regular at p if

7 homey poly of same degree g ,
h sit

f- = In
"

locally
"

at p .

Det. Ocx) : = { f. ✗→ elf is neg on ✗ }

Rmk_ : OCP") = ①
,

more generally : OH)= 1C

for any projective variety .

Def : X , Y are
varieties

.

A continuous function

4 : ✗→ Y
is a

"morphism of varieties
" if

for every open set
ve#function

f. ✓→ E
,

the function foie : 4-
'

a) → 6 is

regular .

yYv)v→
Det: ✗ it are varieties

.

An isomorphism 4 : ✗→ Y is

l a morphism s.tt a morphism
4 : Y→ ✗ sit 404 = idy

Yo 4 = rid✗ .

EI . Vi ~→ A
"

( vias above )
Iso of
varieties



RIK : the above is not true for projective varieties .

There is no intrinsic notion of coordinate ring for

projective varieties
. But we have the following :

let ✗ c- IP
"

be a projective variety .

We have a

"

homogeneous coordinate ring
"

Mx) : =

Eko . . >✗n]

¥
.

But this depends on the embedding Xc
P' p2 ( 2-uple embedding )

[a :b] ↳ [a
'

: ab :b']

Then 42 is an isomorphism
P
'
→~ leapD=✗ c- P2

☒
'
↳ pl ring homog word ring Ciao

,
X,]

pi > ✗↳ P2→ hang word ring €[×¥¥;×
① [× . ,✗ , ] ☒ ① "

✗it
• ,
✗axis

É> ¥-11,4

conduit.bksets.chevalhy.slhm-i.lavariety ; a subset Y c- ✗ is constructible if

it is a finite union of
"

locally closed
" sets

.



Iet : locally closed = ( open set ) ncdosed set )

Fast : The set of constructible sets in ✗ is the smallest

subset of PCX? containing closed sets which is

closed under finite unions and complements .

chevalkylsthm : f : ✗→ y morphism of varieties

and 2s ✗ is constructible

⇒ fear is constructible .

EI . Suppose G acts on ✗ ( G alg gp , ✗ variety )

het see ✗ . We have 6¥ ✗
gtg.se

Im Che) = orbit of se is a
constructible subset

of ✗
.

Fast : For constructible sets ,
the Euclidean closure is the same as

the zariski closure .

"

dassvariety y = cy. , . , ya ,)
let m>ni

l = m2[ k=n2
✗ = CY

, ,
- ifk)

Ñ= (Yo
,
Y
, ,
-

,
Yu )

✓ = Symmy = Space of homog forms of deg min l
variables

W = Sym
"

X



G-
- SHE) acts on V

SHE) acts on W.gg
deer

"
fam

m> n

We have a map § : W↳
V
→
↳
"
th

-

w↳ yomnw

rms of : PCW> → Ptv )

"

class variety
"

of g
g = det (4)

C- PV

h= Perm (X)
c- PW | = closure of the orbit

of g under she

f- = ( h) c- PV
.

action . big ] .

thymine : Avcf)&Sv

Dimension :

If ✗ is a variety , there is a notion of
" dimension

"

of ✗ .

one way : topologically : length of the target

chain Irr closed
subsets .

another way : algebraically .

→ Dim ( At ) = Dim ( tph) = h
.



→ us ✗ open ,
✗ irr

dim U = dim ✗ .

→ 211-7 c- A
"

} dim 21ft = n -1 .

2 (f) C- Ph

→
①[× , , , ,

Xn]

Singularity : ✗ c- A
" affine variety

;
dim ✗ = r

ICX ) = Ct , , .

. ft) PEX .

"

Jacobian matrix
"

: [ 3¥;] +✗n
✗ is nonsingularatp if [ ¥✗,:(pig

has rank n - r .

EI ICX) = (f) ,

chin ✗ = n -1 .

✗ is nonsingularatp-iff.LI.cn. . . ?¥cp )] has

rank h- In -D= I



i. ✗ is nonsing at P ⇐ 2¥. ( p) to for
some t.siEn

.

EI Coco> is a singular point of ✗= 1×7×3 )

only singularity is Coco) . £
µ

Eg: Z( ✗ F- XD
i

;
nonsingular .

go ,

singular lows of ✗

Singh)= { pexl ✗ is singular at p }

Fael Singam is a proper
closed subset of ✗ .


